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We investigate the possibility of generating pure heralded single photons through spontaneous
parametric down-conversion comparing the counter-propagating geometry studied in [1] with more
conventional co-propagating configurations which enhance the purity of the heralded photon state
through the technique of group-velocity matching. We estimate the Schmidt number associated to
the temporal modes as a function of the pump pulse duration for three particular configurations,
showing how the different phase-matching conditions influences the degree of separability that can
be achieved.
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INTRODUCTION
In the process of spontaneous parametric down-
conversion (SPDC) occurring in a χ(2) material, photons
belonging to the laser pump field are split into pairs of
photons of lower energies and momentum. The generated
photon pairs, are naturally entangled in a number of vari-
ables (energy, momentum, angular momentum, polariza-
tion) as a consequence of the conservation laws ruling the
microscopic process. Because of its relative simplicity of
implementation, SPDC is indeed a widely used source of
entangled light. At the same time, it is also the most
frequently used source of pure photons heralded by the
detection of their twin partner, the starting point of many
quantum information protocols. In this latter case entan-
glement must be avoided as much as possible, since the
heralded photons are required to be in indistinguishable
and capable of high-visibility interference. Filtering is
the simplest method for achieving this purpose, through
it presents the drawback of drastically reducing the ef-
ficiency of the source In order to achieve pure heralded
photons with high fluxes, considerable effort has been
devoted to find alternative techniques that do not rely
on post-selection [2–9]. They consist in manipulating di-
rectly the degree of entanglement of the source by con-
trolling the modal structure of the emitted photon pairs
in order to produce uncorrelated twin photons In such
a way a conditioned measurement projects the field in
a pure single photon state rather than in a mixed state,
and pure heralded photon can be obtained without filter-
ing. A recent survey of these techniques can be found in
[10].
In this work we investigate different configuration to
eliminate entanglement in the temporal frequency do-
main, in particular comparing a co-propagating and a
counter-propagating geometry. In the latter, proposed
by Harris in the sixties [11] and implemented in 2007
by Canalias et al. [12], twin photons are emitted along
opposite directions in a periodically poled crystal with
a submicrometric poling period. The technological chal-
lenges involved in the fabrication of crystals with such
a short poling period are described e.g. in [13, 14].
With respect to the standard co-propagating configura-
tion where the twin photons are typically emitted over
a broad range of frequencies, counter-propagating pho-
tons have much narrower spectral bandwidths imposed
by the peculiar phase-matching conditions characteriz-
ing this geometry [1, 15–17]. Because of this feature, the
counter-propagating SPDC configuration has soon been
recognized as a promising source for generating heralded
single photons [1, 18]. A detailed analysis of the tempo-
ral coherence and correlation of counter-propagating twin
photons and twin beams has been performed in previous
works of ours [1, 17] , where we studied both the spon-
taneous regime [1] and the stimulated regime of photon
pair production [17].
In this work we focus on the purely spontaneous
regime, where the system can be exploited as a source
of heralded single photons, and we provide a detailed
comparison between this source and the conventional co-
propagating configuration. In the latter case, a separable
two-photon state can be achieved only through the tech-
niques of group velocity matching, which require a care-
ful choice of the material and of the tuning conditions
as well as sub-picosecond pump pulses [2]. Conversely,
our analysis will show that in the counter-propagating
geometry there is no need of such a fine tuning, and that
highly monochromatic single photons in a pure state can
be generated in a wide range of phase-matching condi-
tions and pump durations. Conversely, our analysis will
show that in the counterpropagating geometry there is
no need of such a fine tuning, and that highly monochro-
matic single photons in a pure state can be generated in a
wide range of phase-matching conditions and pump dura-
tions. In particular, we shall emphasize how the different
time scales in play characterizing the two configurations
strongly affect the conditions in which separability can be
achieved and are at the origin of the different behaviors
of the two sources.
The paper is organized as follows: Sec.I illustrates the
two geometries and their different phase-matching con-
ditions. Sec.II evaluates the degree of entanglement of
the two-photon state, providing approximated analytical
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2expressions for the Schmidt number, valid in both ge-
ometries. Examples of specific configurations suitable for
generating pure heralded photons are analyzed in Sec.III
and compared with the counter-propagating geometry.
The spectral properties of co-propagating and counter-
propagating twin photons are finally analysed in Sec. IV.
I. PHASE-MATCHING IN THE COUNTER-
AND CO-PROPAGATING GEOMETRIES
We restrict our analysis to a purely temporal descrip-
tion: we consider only collinear propagation, either as-
suming that a small angular bandwidth is collected and
the process is characterized by a single spatial mode op-
eration, or because of a waveguiding configuration.
We first consider the counter-propagating geometry
shown in Fig.1a, with a coherent pump pulse of cen-
tral frequency ωp and temporal profile αp(t) impinging
a periodically poled crystal of length lc from the left face
and generating counter-propagating photon pairs with,
say, the idler photon propagating opposite to the pump.
This occurs when the poling period Λ is on the same or-
pump pulse
(b) co-propagating
geometry
idler out 
z
z=0 z=lcp
signal out
idler out z
z=0 z=lc p
signal out
pump pulse
(a) counter-propagating
geometry
FIG. 1. (a) Scheme of twin-photon generation in the (a)
counter-propagating and (b) co-propagating geometries. In
case (a) the quasi-phasematching for collinear propagation
requires a submicrometric poling period, kG ∼ kp, while the
co-propagating process (b) can be phase matched either in
bulk crystals, or with larger poling periods Λ .
der of the pump wavelength in the medium λp/np: in this
case the first-order momentum associated to the nonlin-
ear grating, kG = 2pi/Λ is able to compensate the pump
photon momentum so that twin photons must be emit-
ted along opposite directions in order to satisfy momen-
tum conservation (Fig.1a). The central frequencies of
the emitted signal and idler fields, ωs and ωi = ωp − ωs,
are thus determined by the crystal poling period Λ and
the pump central frequency ωp according to the following
quasi-phasematching condition
ks − ki = kp − kG (a) counter-propagating case (1)
where kj :=
ωj
c nj(ωj), j = s, i, p denotes the wave-
number at the corresponding central frequencies ωj .
For comparison, we shall also consider the more com-
mon co-propagating geometry (Fig.1b) where the all the
three fields propagate along the positive z direction. In
this case the wave-numbers at the reference frequencies
satisfy the following condition
ks + ki = kp − kG (b) co-propagating case (2)
which can describe both the case of a bulk crystal, in
which kG = 0, or quasi-phasematching in periodically
poled structures with kG  kj , j = i, s, p.
Considering the regime of photon-pair production, the
generated two photon state conditioned by a photon
count has the form [1]
|φC〉 =
∫
dΩsdΩiψ(Ωs,Ωi)aˆ
†
s(Ωs)aˆ
†
i (Ωi) |0〉 (3)
where aˆ†s(Ωs) and aˆ
†
i (Ωi) denote the signal and idler cre-
ation operators in the frequency domain (Ωj is the offset
from the reference frequency ωj), and
ψ(Ωs,Ωi) =
g√
2pi
α˜p(Ωs + Ωi)
×e−i 12D(l)(Ωs,Ωi)lcsinc
[D(l)(Ωs,Ωi)lc
2
]
, (i = a, b) (4)
is the so-called biphoton amplitude, giving the joint
probability amplitude of detecting a signal photon at
frequency ωs + Ωs and an idler photon at frequency
ωi + Ωi. Here, D(l)(Ωs,Ωi)lc denote the phase-mismatch
functions, where the i = a, b superscripts refer to the
counter-propagating and the co-propagating configura-
tion respectively. α˜p(Ω) is the spectral amplitude of the
pump pulse normalized by its peak value
α˜p(Ω) =
∫
dt√
2pi
eiΩt
αp(t)
αp(t = 0)
, (5)
The differences between the two geometries arise be-
cause of the different sign characterizing the two phase-
mismatch functions
D(l)(Ωs,Ωi)
=
{
ks(Ωs)− ki(Ωs)− kp(Ωs + Ωi) + kG, l = a
ks(Ωs) + ki(Ωs)− kp(Ωs + Ωi) + kG, l = b (6)
As extensively described in [1, 17], the properties of the
counter-propagating twin photons strongly differ from
those of the co-propagating ones, because of the minus
sign in front of the idler wave-number ki(Ωi). This is
best seen by expanding the phase mismatch (6) at first
3order around the reference frequencies (corresponding to
Ωj = 0), obtaining thereby
1
2
D(l)(Ωs,Ωi)lc ≈ lc
2
[(k′s − k′p)Ωs − (k′p ∓ k′i)Ωi] (7)
≡ − (τ (−)p,s Ωs + τ (±)p,i Ωi) , (8)
where the + and − minus sign refer to the counter-
propagating (l = a) and co-propagating (l = b) cases,
respectively, k′j ≡ v−1gj =
(
dkj
dΩj
)
Ωj=0
is the inverse group
velocity of wave j at its reference frequency ωj and the
characteristic times
τ (±)j =
1
2
(
lc
vgp
± lc
vgj
)
j = i, s (9)
involve either the difference or the sum of the inverse
group velocities of the pump and of the wave j = i, s,
depending whether the latter copropagates or counter-
propagates with respect to the former. The omission of
higher order dispersion terms is justified in the counter-
propagating configuration, which typically involves nar-
row down-conversion spectra [1, 12, 17]. In order to
perform analytical calculations, we shall use the linear
approximation (8) also for the co-propagating configu-
ration, through in this case the effect of group veloc-
ity dispersion can be more relevant because of the larger
bandwidths in play.
As discussed in [1–3, 19], the possibility to generate
heralded photons with a high degree of purity depends
both on the relative sizes and signs of the time constants
τ (−)p,s and τ
(±)
p,i defined in Eq.(9), and on how they com-
pare to the pump duration τp (notice that only τ
(+)
p,i is
always positive, while τ (−)p,s and τ
(−)
p,i can be either pos-
itive or negative). In the co-propagating geometry the
two scales τ (−)p,s and τ
(−)
p,i are associated to the group ve-
locity mismatch (GVM) of the signal and the idler with
respect to the co-propagating pump. They are on the
same order of magnitude, except for the particular case
in which one of the two fields is velocity matched to the
pump. By contrast, in the counter-propagating case,
the time constant associated to the backward photon
τ (+)p,i = lc/2vgp + lc/2vgi, which involves inverse group ve-
locities sum (GVS), is on the order of the photon transit
time across the crystal, and exceeds therefore the signal-
pump GVM time τ (−)p,s = lc/2vgp − lc/2vgs by at least an
order of magnitude.
Therefore, considering the ratio between the two time
constants ,
η = τ (−)p,s /τ
(±)
p,i , (10)
we have
|η| =
{
|τ (−)p,s |/|τ (+)p,i |  1 for case (a)
|τ (−)p,s |/|τ (−)p,i | arbitrary for case (b).
(11)
Without loss of generality, in case (b) we shall assume
that the signal and idler fields satisfy the condition
|τ (−)p,s | ≤ |τ (−)p,i | so that in both configurations we have
−1 ≤ η ≤ 1 (12)
II. ENTANGLEMENT QUANTIFICATION
We characterize the degree of entanglement with the
Schmidt number [20, 21], which provides an estimate of
the number modes participating to the entangled state
[22]. It is defined as the inverse of the purity of the state
of each separate subsystem
K = 1
Tr{ρ2s}
=
1
Tr{ρ2i }
(13)
where ρs, ρi are the reduced density matrix of the sig-
nal and idler , e.g. ρs = Tri{|φC〉 〈φC|}. For a bipho-
ton state of the form (3), the Schmidt number can be
expressed through integrals involving the first-order co-
herence functions of the signal and the idler fields
G(1)s (Ωs,Ω
′
s) =
∫
dΩiψ
∗(Ωs,Ωi)ψ(Ω′s,Ωi) (14)
G
(1)
i (Ωi,Ω
′
i) =
∫
dΩiψ
∗(Ωs,Ωi)ψ(Ωs,Ω′i) (15)
Namely, it is found that [23, 24]
K = N
2
B
(16)
where
N =
∫
dΩG(1)s (Ω,Ω) =
∫
dΩG
(1)
i (Ω,Ω) (17)
B =
∫
dΩ
∫
dΩ′
∣∣∣G(1)s (Ω,Ω′)∣∣∣2
=
∫
dΩ
∫
dΩ′
∣∣∣G(1)i (Ω,Ω′)∣∣∣2 (18)
In this work the Schmidt number K will be estimated
by means of i) the numerical integration of Eqs.(16)-
(18), where the phase-mismatch (6) is evaluated using the
complete Sellmeier dispersion formula in [25–27], or ii) a
Gaussian approximation for the biphoton amplitude in
Eq.(4), which is typically used in the literature [2, 3, 28].
In the latter case, the sinc function in Eq.(4) is fitted by
a Gaussian of its argument, setting
sinc
D(l)(Ωs,Ωi)lc
2
≈ e−γ
(
D(l)(Ωs,Ωi)lc
2
)2
(19)
≈ e−γ
(
τ(−)p,s Ωs+τ
(±)
p,i Ωi
)2
(20)
where the linear approximation (7) of the phase mis-
match has been used in the second line. γ is a fitting
parameter; e.g. requiring that the sinc and the Gaussian
functions shares the same full width at half maximum
(FWHM), one has γ = 0.193. The approximation (20)
4allows to derive analytical results, which provide an im-
mediate comparison between the various configurations,
but neglects the effects of group velocity dispersion at
second and higher orders.
Furthermore, we consider a pump pulse with a
Gaussian temporal profile of duration τp, αp(t) =
αp(0)e
−t2/2τ2p , so that the corresponding spectral am-
plitude (5) is given by
α˜p(Ω) =
1
∆Ωp
e
− Ω
2
p
2∆Ω2p , (21)
where the spectral bandwidth is ∆Ωp = 1/τp.
The biphoton amplitude (4) takes then the approximated
form :
ψ(Ωs,Ωi) ≈ gτp√
2pi
e
i
[
τ(−)p,s Ωs+τ
(±)
p,i Ωi
]
×e−c11Ω2s−c22Ω2i−2c12ΩsΩi (22)
where the real coefficients cij are
c11 =
τ2p
2
+ γτ (−)p,s
2
, (23)
c22 =
τ2p
2
+ γτ (±)p,i
2
, (24)
c12 =
τ2p
2
+ γτ (−)p,s τ
(±)
p,i . (25)
Here and in the following τ (+)p,i refers to the counter-
propagating case (a), τ (−)p,i refers to co-propagating case
(b). Inserting approximation (22) in the expression of K
in Eqs.(16)-(18), we find
K =
√
c11c22
c11c22 − c212
(26)
=
1
1− η
1 + η2 + 1
2γ
(
τp
τ (±)p,i
)2
+ 2γ
(
τ (−)p,s
τp
)21/2
(27)
As a function of the pump duration τp, it is easily seen
that K takes its minimum for
τminp =
√
2γ|τ (−)p,s τ (±)p,i | (28)
The minimum value of K depends both on the sign and
on the magnitude of η and is given by
Kmin =
{ 1+η
1−η for η > 0→ τ (−)p,s τ (±)p,i > 0
1 for η ≤ 0→ τ (−)p,s τ (±)p,i ≤ 0
(29)
Thus, within the validity of the Gaussian approxima-
tion (22), complete separability can be achieved only if
η ≤ 0. The condition η = 0 corresponds to perfect veloc-
ity matching between the pump and the signal: τ (−)p,s = 0.
Notice that in this case perfect separability is reached
only asymptotically for τp → τminp = 0. Conversely,
when η < 0, perfect separability K = 1 can be in princi-
ple reached for finite pump durations, and requires that
τ (−)p,s and τ
(±)
p,i have opposite signs. Once this condition is
met, the mixed term coefficient (25) vanishes for a pump
duration τp = τ
min
p .
Alternatively, for positive η, the two-photon state can be
made almost separable by choosing a configuration for
which η is sufficiently small. Notice that this last condi-
tion is naturally fulfilled in the counter-propagating case.
III. SPECIFIC CONFIGURATIONS FOR
SEPARABILITY
According to the results presented in Sec.II, we shall
compare three distinct configurations which satisfy the
conditions for complete or nearly complete separability:
(i) Counter-propagating geometry (|η| << 1)
The peculiarity of the counter-propagating geometry (a)
is that the condition |η |  1 is naturally fulfilled [see
Eq.(11) and discussion]. Even for η > 0 , an almost sep-
arable state can be always reached, because the minimum
of K is,
Kmin ≈ 1 + 2η ≈ 1 (30)
and K stays close to this value within a broad range of
pump durations around τminp , which is basically the ge-
ometric mean of τ (−)p,s and τ
(+)
p,i (see Eq.(28)). As already
noticed, for a few millimeter crystal τ (+)p,i is on the or-
der of several tens of picoseconds while τ (−)p,s and τ
(−)
p,i are
typically in the subpicosecond range. The required pump
duration τminp is thus on the order of several picoseconds,
and thus is easily accessible and significantly longer than
in the co-propagating configurations considered next.
These results are in agreement with the more general
analysis presented in [1], not relying on the Gaussian
approximation (22), which predicts a nearly separable
two-photon state for
τ (−)p,s  τp  τ (+)p,i (31)
(ii) Co-propagating geometry with η = 0
In the co-propagating configuration , a method to achieve
a nearly separable state consists in matching the group
velocities of the signal and the pump [2]. If condition
vgs = vgp is satisfied, one has τ
(−)
p,s = 0 , η = 0, and
Eq.(26) reduces to
K = 1 + 1
2γ
(
τp
τ (−)p,i
)2
τp|τ(−)p,i |−−−−−−→ 1 (32)
Thus a nearly separable state can be achieved only
asymptotically , for a pump duration vanishing small,
or in practice much smaller than the GVM time between
the idler and the pump, which clearly requires subpi-
cosecond pump pulses. Notice that the η = 0 condition
5can be satisfied also in the counter-propagating config-
uration, where separability is achieved for much longer
pulses satisfying the less stringent requirement τp  τ (+)p,i
[1].
(iii) Co-propagating geometry with η = −1
The symmetric condition η = −1 can be fulfilled only in
the co-propagating configuration, and is rather difficult
to meet because it requires that the pump group inverse
group velocity falls exactly midway between the signal
and the idler inverse group velocities since
τ (−)p,i = −τ (−)p,s ←→
1
2
(
1
vgs
+
1
vgi
)
=
1
vgp
(33)
Provided this relation is satisfied, the two-photon corre-
lation ψ(Ωs,Ωi) displays a circular shape for τp = τ
min
p ,
since c12 = 0 and c11 = c22 = 2γτ
(−)
p,s
2. For the op-
timized pump pulse duration, the generated twin pho-
tons are thus not only uncorrelated but also indistin-
guishable. Conditions (ii) and (iii) are referred to as
asymmetric and symmetric group-velocity matching re-
spectively. They are usually difficult to satisfy in the
visible range where normal dispersion implies that the
group velocities increase with the wavelength. On the
other hand, some χ(2) materials offers the possibility to
achieve group-velocity matching in the near infrared and
at telecom wavelengths, as shown in [2, 3, 10]. Experi-
mental evidence of the degeneration of frequency decor-
related photon pairs through this technique are reported
in [4].
Table I summarizes the parameters for three specific
examples, chosen as representative of the configurations
(i), (ii) and (iii).
For the counter-propagating geometry (i) we consider
a 10mm long periodically poled crystal of Potassium
Titanyl Phosphate (PPKTP) in a type 0 (e-ee) phase-
matching configuration: the poling period is Λ = 800nm,
λp = 814.5nm, λs = 1145nm, λi = 2932.4nm, η =
τ (−)p,s /τ
(+)
p,i = 0.01 (apart from the length of the crystal,
the parameters are taken from the experiment reported
in [12]).
For the co-propagating geometry, we consider two differ-
ent bulk negative uniaxial crystals of 10mm length, both
tuned to generate a separable state along the collinear
direction under appropriate conditions: (ii) a Potassium
Dihydrogen Phosphate (KDP) crystal and (iii) a Beta-
Barium Triborate (BBO) crystal both cut for type II
collinear phase-matching (e-oe) at degeneracy. When
pumped at 415nm with a tuning angle θp = 68.7
◦ with
the crystal axis, the KDP crystal has the peculiarity of
displaying a vanishing GVM between pump and the sig-
nal field (i.e. τ (−)p,s = 0, η = 0) and is therefore well suited
for the generation a separable two-photon state provided
that τp  τ (−)p,i = 0.72ps [2, 29]. For the BBO crystal
pumped at 757nm with a pump tuning angle θp = 28.8
◦
we have τ (−)p,s = −τ (+)p,i = 0.237ps, η = −1.
Fig. 2 plots the results of the Gaussian approximation
for Kmin and τ
min
p [Eqs. (29) and (28)], as a function
of the signal central wavelengths λs, for these three ex-
amples. The phase-matched wavelengths, λs and λi, and
the corresponding characteristic times τ (−)p,s and τ
(±)
p,i are
evaluated using the Sellmeier dispersion formula reported
in [25–27]. For the PPKTP crystal, different wavelengths
corresponds to different poling periods Λ, not reported in
the figure. For the bulk KDP and BBO crystals the sig-
nal and idler central wavelengths are varied by changing
the tuning angle θp between the pump direction and the
crystal axis (not reported in the figure). Notice that in
the BBO case η is always negative for λs > 1070 nm, so
that the generated two-photon state is separable when
the crystal is tuned on those wavelengths according to
approximation (29). Notice also that for λs = 1010 nm
the group velocities of the signal and idler fields be-
comes equal (η = 1) and the Schmidt number predicted
by Eq.(26) goes to infinity. Under these conditions the
SPDC bandwidths and the number entangled modes are
in fact very large, through not infinite, as they are only
limited by group-velocity dispersion, a feature not taken
into account in the simplified model based the linearized
phase-matching function (7).
Figures 3 and 4 illustrate the behaviour of the Schmidt
number K as a function of the the pump pulse duration.
The phase-matching conditions for the three crystals are
those reported in Table I and correspond to the blue dots
in Fig.2. Figure 3 reports the results of the Gaussian
approximation (26) in linear scale (to allow immediate
comparison between the three cases), while Fig. 4 com-
pares the approximate results with the more exact ones
obtained through numerical integration of Eqs.(16)-(18).
In this latter case dispersion is fully taken into account,
the phase-mismatch functions (6) being evaluated using
the complete Sellmeier formula. The logarithmic horizon-
tal scale used in this case evidences the different ranges
of pump durations τp which must be used for achieving
separability in the various configurations.
From these plots one can notice that in order to achieve
separability the two co-propagating configurations re-
quire supbicosecond pulses, whose duration must be close
to τminp = 147fs in the BBO case, τp  τ (−)p,i = 720fs in
the KDP case. In contrast, the counter-propagating ge-
ometry displays a negligible amount of entanglement over
a broad plateau ranging from τp ∼ 2ps up to τp ∼ 10ps.
Figure 4 displays some discrepancy between the ap-
proximated results (26) and the exact one especially for
short pump pulses, where dispersion plays an important
role due to the large bandwidths involved and the phase-
matching function mainly determines the twin photon
correlation. In particular, the minimum value of K is
always slightly larger than the value predicted by the
Gaussian result (29) and never reaches unity even in the
two examples with η ≤ 0. Actually, the amount of purity
which can be achieved in the counter-propagating geome-
try is comparable to that of the two other configurations,
which require much more stringent phase matching con-
ditions and ultra-short pulses.
We also notice that the sidelobes of the sinc function
6crystal lc (mm) phase matching (θp) λp λs λi τ
(−)
p,s τ
(±)
p,i τ
min
p η
(i) PPKTP 10mm type 0 e-ee (90◦) 821.4nm 1141nm 2932nm 0.67ps 63ps 4.05ps 0.01
(ii) KDP 10mm type II e-oe (67.8◦) 415nm 830nm 830nm 0 0.72ps 0 0
(iii) BBO 10mm type II e-oe (28.8◦) 757nm 1514nm 1514nm -0.237ps 0.237ps 0.147ps -1
TABLE I. Phase-matching conditions and characteristic time constants for the three crystals taken as examples: (i) periodically
poled KTP, with 800nm poling period for the counter-propagating configuration, (ii) KDP and (iii) BBO bulk crystal for the
two co-propagating configurations.
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FIG. 2. Minimum value of the Schmidt number Kmin (top panels) and relative pump duration τ
min
p (bottom panels) as a
function of the signal wavelengths, evaluated with the Gaussian approximation [ Eq.(29) and (28)] for the three crystals chosen
as examples. The top horizontal scale shows the conjugate idler wavelength λi. The blue dots correspond to the parameters in
Table I
.
(clearly visible e.g. in Fig.5h) are not taken into account
by approximation (20) and lead to a slight increase of the
amount of entanglement with respect to the prediction
of relation (26) in all cases. Branczyk et al. [8] demon-
strated the possibility to eliminate the residual entan-
glement associated to these sidelobes by modifying the
periodic poling of the χ(2) nonlinearity in order to pro-
duce a Gaussian-shaped phase matching function.
Figure 5 shows the biphoton correlation |ψ(Ωs,Ωi)|2 in
the signal-idler frequency plane. For each crystals (i), (ii)
and (iii), the pump pulse duration decreases from top to
bottom (the value of τp corresponds to the large hollow
dots shown in Fig.4). The red ellipses superimposed to
the density plots show the curve
c11Ω
2
s + c22Ω
2
i + 2c12ΩsΩi = 1 (34)
where according to the Gaussian formula (22) |ψ|2 re-
duces by a factor 1/e2. Its principal major axis forms an
angle θ with the Ωs-axis given by
θ = −1
2
arctan
(
(τp/τ
(±)
p,i )
2 + 2γη
γ(1− η2)
)
(35)
We have then the following limiting behaviours
θ → −pi
4
for τp  |τ (±)p,i | (36)
θ → − arctan η for
{
τp  |τ (−)p,s | if η 6= 0
τp  |τ (±)p,i | if η = 0
(37)
The first limit, with τp  |τ (±)p,i |, corresponds to a nearly
monochromatic pump pulse with the two-photon state
72 4 6 8 10
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FIG. 3. Schmidt number K evaluated with the Gaussian ap-
proximation (26) as a function of the pump pulse duration τp
for the three examples in Table.I
strongly entangled in frequencies. Accordingly, the spec-
tral two-photon amplitude ψ develops along the Ωi =
−Ωs diagonal, where energy conservation takes place (see
panels (a),(d) and (g) in Fig.5).
In the counter-propagating geometry of the PPKTP
crystal (i), the state appears separable (the ellipse has its
axes aligned with Ωs and Ωi) for pulses of several picosec-
onds such that τ (−)p,s  τp  τ (−)p,s , as shown in Fig.5b.
Only for very short pump pulses with τp  τ (−)p,s , phase-
matching determines correlation with ψ aligned along the
line Ωi = −ηΩs (Fig.5c).
In the co-propagating configurations (ii) and (iii), sep-
arability is only achieved for pulses in the subpicosecond
range satisfying the condition τp  |τ (−)p,i |. In the KDP
case the two-photon state remains separable for τp → 0
as a consequence of the group-velocity matching of the
signal and pump photons (η = 0). For the BBO crystal
with symmetrical group velocity matching (η = −1), the
biphoton correlation displays a nearly circular symmetry
for τp = τ
min
p = 147fs (Fig.5h). In this latter case the fre-
quencies becomes again correlated for ultra-short pulses,
the correlations developing along the Ωs = Ωi diagonal
(Fig.5i).
IV. SPECTRAL PROPERTIES OF TWIN
PHOTONS
The Gaussian approximation also allows an immediate
comparison of the spectral properties of the twin photons
generated in the various configurations, by calculating
their first order coherence functions. By inserting the
Gaussian formula for the biphoton amplitude inside Eqs.
(14,15), we get
G(1)s (Ωs,Ω
′
s) ≈
g2τ2p√
8pic22
e−iτ
(−)
p,s (Ωs−Ω′s)
× e−
2c11c22−c212
2c22
(Ω2s+Ω
′2
s )+
c212
c22
ΩsΩ
′
s (38)
G
(1)
i (Ωi,Ω
′
i) ≈
g2τ2p√
8pic11
e−iτ
(±)
p,i (Ωi−Ω′i)
× e−
2c11c22−c212
2c11
(Ω2i+Ω
′2
i )+
c212
c11
ΩiΩ
′
i (39)
Using these formulas, we can estimate the bandwidths σj
of the signal and idler spectra
Sj(Ωj) := G(1)j (Ωj ,Ωj) ∝ e
− Ω
2
j
2σ2
j (j = i, s). (40)
Expliciting the cij coefficients given in Eqs.(23)-(25), we
find
σs =
1√
2(1− η)
(
1
2γτ (±)p,i
2 +
1
τ2p
)1/2
(41)
σi =
1√
2(1− η)
(
1
2γτ (±)p,i
2 +
η2
τ2p
)1/2
(42)
Considering the particular cases in which the state be-
comes separable or nearly separable (corresponding to
the examples shown in the panels (b), (f) and (h) of
Fig.5), we have
σs ≈

1√
2τminp
case (i) : |η|  1, τp = τminp
1√
2τp
case (ii) : η = 0, τp  |τ (−)p,i |
1
2τminp
case (iii) : η = −1, τp = τminp
(43)
σi ≈

1
2
√
γ|τ(+)p,i |
case (i) : |η|  1, τp = τminp
1
2
√
γ|τ(−)p,i |
case (ii) : η = 0, τp  |τ (−)p,i |
1
2τminp
case (iii) : η = −1, τp = τminp
(44)
Fig.6 plots the spectra of the signal and idler photons,
in the optimal conditions for separability, calculated both
with this Gaussian approximation and with the more ex-
act numerical integration of Eqs. (14)-(15). From this
figure and from the approximated results in Eqs. (43)
(44), we observe that in conditions of separability :
i. In all the cases, the bandwidth of the signal pho-
ton reproduces basically that of the pump laser (a
part some inessential
√
2 factors). Clearly, in the
counter-propagating configuration it is much nar-
rower (less than ThZ) than in the co-propagating
case, because separability is achieved in the former
case for longer pump pulses.
ii. The bandwidth of the idler photon is rather deter-
mined by the phase-matching characteristic time
τ (±)p,i (notice that in case ( iii), of symmetric group-
velocity matching, the two bandwidths coincides
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FIG. 4. Schmidt number K as a function of the pump pulse duration τp for the (i) KTP counter-propagating case, (ii) KDP
co-propagating and (iii) BBO co-propagating cases (parameters in Table I). In (i) the state state is nearly separable for pump
durations τp intermediate between τ
(−)
p,s = 0.67ps and τ
(+)
p,i = 63ps. For the co-propagating cases (ii) and (iii), separability
is achieved only for subpicosecond pulses with τp  τ (−)p,i . The minima of K, i.e. the amount of achievable separability, are
comparable in the three cases. The hollow red dots correspond to the plots shown in Fig.5.
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FIG. 6. Spectra of the signal (top) and of the idler (bottom) for the three examples considered, in conditions of nearly
separability of the state corresponding to panels (b), (f), and (h) of Fig.5. Black lines: numerical results from Eqs.(14),(15).
Red lines: Gaussian approximation (38),(39). The indicated bandwidths (FWHM) are calculated from the ”exact ” numerical
results and match the approximated ones in Eqs.(43)-(44) within an error of less than 10%.
since τminp =
√
2γ|τ (−)p,i |). As expected, the band-
width of the backward propagating idler is more
than two order of magnitude narrower than those
of the co-propagating idler photons, because the
GVS characteristic time τ (+)p,i is two orders of mag-
nitude longer than than the GVM characteristic
times involved in the co-propagating cases.
V. CONCLUSIONS
In this work we compared different phase-matching
configurations suitable for generating pure heralded
single photons from spontaneous parametric down-
conversion. We provided a detailed analysis of the con-
ditions under which separable twin twin photons can
be generated through the quantitative evaluation of the
Schmidt number as a function of the pump pulse du-
ration. Because of the natural separation of the GVM
and the GVS time scales τ (−)p,s and τ
(+)
p,i , the counter-
propagating geometry offers the advantage of generat-
ing separable twin photons without the need to fine
tune their relative group-velocities as in standard co-
propagating configurations. Because of this unique fea-
ture, counter-propagating twin photons in a pure state
can in principle be heralded at any frequency by choos-
ing the required poling period. Moreover, the twin pho-
tons are naturally narrow band, especially the one prop-
agating opposite to the pump direction, and separability
is achieved for a broad range of pump pulse durations
within τ (−)p,s and τ
(+)
p,i .
In contrast, twin photons emitted in the common co-
propagating geometry are naturally broadband and can
be generated in a separable state only for very short
pulses, under particular phase-matching conditions and
at particular wavelengths depending on the material.
The counter-propagating configuration offers thus much
more flexibility, once the technical challenges for the fab-
rication of crystals with sub-micrometric poling periods
are overcomed.
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